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ABSTRACT 

The  operation  of  the  free  electron  laser  (FEL)  oscillator  in 
the  XUV  and  X-ray  regimes  requires  high  gain  per  pass  to  overcome 
somewhat  large  mirror  losses.  This  paper  summarizes  the  growth 
rates  and  intrinsic  trapping  efficiencies  in  the  high  gain 
regimes,  and  comments  on  various  three-dimensional  effects. 

\ 

INTRODUCTION 

Operation  of  the  free  electron  laser  oscillator  at 

ultraviolet  (UV)  frequencies^"  has  been  demonstrated  utilizing  a 
storage  ring.  By  employing  the  planned  Stanford  University  storage 

O 

ring  ,  FEL  operations  at  XUV  and  X-ray  frequencies  seem 
feasible.  The  future  trend  in  the  production  of  XUV  and  X-ray 
FELs  is  toward  long  wigglers,  operating  in  the  high  gain,  i.e., 
exponential  growth  regime,  in  an  oscillator  configuration.  This 

0_Q 

paper  will  address  the  physics  in  the  high  gain  regime  and  the 
modeling  of  three-dimensional  (3-D)  effects  relevant  to  FEL 
oscillators. 

FEL  OPERATING  REGIMES 

Characteristics  of  electron  beam  sources  divide  the  FEL 
interaction  mechanism  into  four  major  categories:  i)  low  gain, 
single  particle  regime,  ii)  high  gain,  cold  beam,  single  particle 
regime,  iii)  high  gain,  warm  beam  ,  single  particle  regime,  and 
iv)  high  gain,  cold  beam,  collective  regime.  XUV  and  X-ray  FELs 
necessarily  must  operate  in  a  high  gain  regime  because  available 
mirrors  are  somewhat  lossy.  The  properties  of  each  of  the 
operating  FEL  regimes  or  categories  are  summarized  below. 

i)  Low  Gain,  Single  Particle,  Cold  Beam  Regime 

FELs  utilizing  electron  beams  with  the  characteristics  of 
high  energy,  low  current,  and  high  quality  (low  emittance), 
operate  in  the  low  gain,  Compton  regime.  The  interaction  physics 
is  primarily  governed  by  single  particle  effects,  i.e.,  collective 
or  space  charge  effects  can  be  neglected.  In  the  low  gain  limit, 
the  total  amplitude  gain  of  the  radiation  field  is  on  the  order  of 
unity  or  less,  i.e.,  g  <  1,  where 

g  *  2tt  F  c  N3  (l) 
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is  the  maximum  amplitude  gain  per  pass,  where 
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I/IA  is  the  Budker's  parameter,  I  is  the  total  beam  current  in 

3 

amperes,  IA  *  17x10  A  is  the  Alfven  current,  o^  is  the  cross 

sectional  area  of  the  electron  beam,  X  is  the  wavelength  of  the 
radiation,  y  is  the  total  relativistic  energy  factor,  N  is  the 

number  of  wiggler  periods,  K  -  (|e|/mQC  )  <Ay>RMS  is  the  RMS 

wiggler  parameter  and  A^  is  the  vector  potential  of  the  wiggler. 

The  numerical  value  of  X,  is  typically  much  less  than  unity. 

We  included  a  filling  factor,  F,  in  the  expressions  for  the 

gain.  The  filling  factor  is  defined  as  0  <  F  »  E  fo  <■  1, 

D  R 

where  oR  is  the  cross  sectional  area  of  the  radiation,  and  Efe  is 

the  cross  sectional  area  of  the  electron  beam  that  overlaps  the 
radiation  beam. 

The  efficiency  is  defined  as  n  =*  (P^  -  P^/P^,  where  is 
the  laser  power  at  the  exit  of  the  wiggler,  is  the  laser  power 
at  the  entrance  of  the  wiggler,  and  Pg  is  the  power  in  the 
electron  beam.  The  efficiency  in  the  low  gain  limit  is 

n  -  f/2N,  (3) 

where  f  «*  E^/n^  <  1  is  the  filling  factor  for  the  efficiency. 

li)  High  Gain,  Single  Particle,  Cold  Beam  Limit 

The  high  gain  limit  implies  exponential  growth  of  the 
radiation  in  the  FEL  interaction  region.  Here  the  wavenumber  k  in 
the  dispersion  relation  describing  the  interaction  acquires  an 

L 

,  V 

imaginary  component  such  that  -  j  Im(k)dz  »  1,  where  is  the 

o 

length  of  the  wiggler  and  Im(k)  denotes  the  imaginary  part  of  k. 

In  the  high  gain  limit,  the  FEL  is  said  to  be  in  the  single 
particle  regime  if  the  ponderoootive  potential  dominates  the  space 
charge  potential.  When  the  reverse  is  true,  the  FEL  is  said  to  be 
in  the  collective  (Raman)  regime.  The  criteria  for  the  FEL  to  be 

in  the  single  particle  high  gain  regime^-^  is 
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When  the  energy  spread  of  the  electron  beam  satisfies 
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the  electron  beam  can  be  considered  cold  and  the  ponderomotive 
potential  wave  interacts  strongly  with  all  the  electrons.  The 
maximum  number  of  e-folds  for  the  radiation  amplitude  obtained 

4—7  Q 

from  the  dispersion  relation  ’  is 
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The  intrinsic  trapped  particle  efficiency  at  the  maximum  growth 
rate-*-2  is 

n  -  0.29  f  c1/3.  (7) 

iii)  High  Gain,  Single  Particle,  Warm  Beam  Limit 

When  the  energy  spread  of  the  electron  beam  is  large,  the 
ponderomotive  wave  interacts  strongly  with  only  a  small  fraction 
of  the  thermal  electrons.  The  growth  rate  and  efficiences  can  be 
significantly  reduced  from  the  cold  beam  limit.  The  maximum 

number  of  e-folds  in  the  wiggler  length^--*  is 

2 

a  -  0.23  F{H(i)  ,  (8) 

and  the  corresponding  efficiency^  is 

n  «  4.6X10"6  f  s3  (-1)8.  (9) 


iv)  High  Gain,  Collective,  Cold  Beam  Limit 

The  FEL  is  in  the  collective  regime  when  the  space  charge 
potential  becomes  comparable  to  or  larger  than  the  ponderomotive 
potential.  The  space  charge  potential  enhances  the  growth 

rate^""^.  The  maximum  number  of  e-folds  in  the  wiggler  is 
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and  the  efficiency  at  maximum  growth  rate^>^-^  is, 
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The  relevant  formulas  are  summarized  in  Table  I.  Note  that 
the  gain  and  the  number  of  e-folds  are  proportional  to  different 
powers  of  the  filling  factor  depending  on  the  FEL  regime.  In  the 
high  gain  regimes,  the  efficiencies  are  independent  of  the  number 
of  the  wiggler  periods,  while  the  number  of  e-folds  a  are 
proportional  to  the  number  of  wiggler  periods,  N.  This  is  in 
contrast  to  the  low  gain  regime. 

EXAMPLE 

To  illustrate  the  high  gain  limit,  we  will  consider  an 
example  based  on  the  parameters  of  the  Stanford  storage  ring,  and 
a  laser  radiation  wavelength  of  200A.  The  relevant  parameters  are 

given  in  Table  II.  The  dispersion  relation^-^  for  the  high  gain, 
cold  beam,  single  particle  regime  as  well  as  the  high  gain,  cold 
beam,  collective  regime  is 


rK T,  .  4  .1  +  K  -l/2-i  2 

6k  (6k  +  -  ( - O  ]  (6k  +  — }  =  -  u  , 

K  o 


(12) 
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where  k/k  -  2y  (1  +  K  )  (w/w  )  -  (2/rr)  (5  (1  +  K/V/K  )  '  +  6k 
w  c>2  2  2  2  4 

is  the  normalized  wavenumber,  p  =  2  F  ?  (1  +  KTj  /(a  y  )» 

2  2—1 

Aw  =  u>  —  ojq,  and  w  ■  2y  (1  +  K  )  kwc  is  the  resonant  frequency, 
k  =  2n/i  is  the  wavenumber  of  the  wiggler,  and  £  is  the 

W  W  V 

wavelength.  The  growth  rate  is  given  by 

r  -  -  Im(6k)  kw.  (13) 

The  number  of  e-folds  a  within  the  wiggler,  i.e.,  I.  r,  is 

w 

a  ■  -  2ttN  Im(5k).  (14) 

The  expression  for  the  ef f iciency^-^  is 


-  r  2  /■  1  +  K 
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The  trapped  particle  saturated  radiation  field  (normalized  vector 
potential)  expressed  in  terms  of  the  efficiency  in  the  high  gain 
limit  is 


trap  ir 
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wiggler  length,  20  m 

.  wiggler  period,  5-42  cm 

I  wiggler  parameter,  K  1.4 

number  of  wiggler  periods,  369 

energy  of  the  electron  beam,  E  1  GeV 

peak  current,  I  100  A  -  270  A 

electron  beam  radius,  r^  125  ym 

radiation  wavelength,  X  200  S, 

minimum  radiation  waist,  wQ  192  ym 

filling  factor,  F  -  2r,^/w  ^  0.8 

mirror  losses,  Ls  75Z 


The  dispersion  relation  (12)  is  solved  numerically  for  a 
range  of  frequencies.  Plots  of  the  growth  rate  r  and  the  number 
of  e-folds  a  versus  the  frequency  mismatch  parameter  v  are  shown 
in  Fig.  1  for  I  =  100  A  and  270  A,  where  the  frequency  mismatch 

parameter  is  defined  in  the  conventional  way,  v  =  -  it  N  —■  .  The 

maximum  growth  rate  is  at  v  =  0.  The  dashed  curve  in  Fig.  1  is 
computed  with  the  lower  peak  current;  it  has  a  smaller  growth  rate 
and  a  reduced  bandwidth.  The  actual  number  of  e-folds  would  be 
reduced  by  about  one  from  the  value  given  in  Fig.  1  due  to 
launching  losses. 

The  corresponding  trapped  particle  efficiencies  are  plotted 
in  Fig.  2.  The  efficiencies  at  v  »  0  are  0.12%  and  0.17%  for  1  * 
100  A  and  I  ■  270  A,  respectively.  The  efficiencies  increase 
as  v  increases.  Even  though  the  growth  rate  spectrum  is  wide,  the 
useful  bandwidth  is  actually  small,  due  to  the  falloff  in 
efficiency. 

OSCILLATOR  CONSIDERATIONS 

FELs  in  the  XUV  and  X-ray  regimes  are  expected  to  operate  in 
an  oscillator  configuration.  The  oscillator  reaches  a  steady 
state  when 


G  -  Ls/{1  -  L3), 


(17) 


and 


P  =  —  P 
Fi  G  e» 


(13) 


where  n  is  the  actual  efficienc”  at  saturation,  Lg  is  the  power 
loss,  and  G  =*  (PL  -  P^J/P^  is  the  power  gain.  The  laser  power 


produced  per  turn  is  G  P^.  If  the  electron  beam  source  is  not  a 
recirculating  beam,  then  the  laser  saturates  by  trapping  the 

* 

electrons  and  the  efficiency  n  is  given  in  Table  I. 

When  the  electron  beam  from  a  storage  ring  is  radiating  in 

steady  state,  the  FEL  most  likely  would  operate  in  the  high  gain, 

thermal  beam,  single  particle  regime.  Here,  the  electron  energy 

spread  increases,  while  the  gain  decreases  until  G  •  L  /(I  -  L  ). 

3  3 


The  limit  on  the  energy  spread  is 


Ay 
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[0.23  F  ?  N/aJl/2, 


(19) 


where  a  =  ln(G  +  1 ) / 2  +  1  is  the  minimum  required  number  of  e- 
folds.  mThe  addition  of  one  e-fold  is  to  compensate  for  the 

launching  loss^-^.  The  efficiency  and  radiated  power  of  the  FEL 

in  the  storage  ring  is  constrained  by  the  Renieri  limit^®”^.  In 


EFFICIENCY  V  (%)  *  GROWTH  RATE  T  (IO‘3cm' 


*  —l 

the  low  gain  case,  the  actual  efficiency  n  <  (2N)  (P  /?  )  is 

v  s  e 

much  less  than  the  trapping  efficiency  1/2N,  where  Ps  is  the  power 

of  the  synchrotron  emission.  Even  though  a  comprehensive  analysis 
has  yet  to  be  carried  out  for  a  high  gain  FEL  with  thermal  beam  in 

* 

a  storage  ring,  the  actual  efficiency  ■,  is  expected  to  be  very 

* 

low.  If  n  =  q  ,  the  FEL  saturates  by  trapping  in  the  warm  beam 
limit,  where  q  ^  is  the  trapping  efficiency  which  can  be  expressed 
in  terms  of  the  minimum  required  number  of  e-folds  a 

Cl 
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* 

If  n  <  n  the  FEL  oscillator  reaches  a  steady  state  without 
trapping  the  electrons. 


COMMENTS  ON  3-D  EFFECTS 


The  3-dimensional  effects  come  into  the  problem  because  of: 

1)  finite  beam  emittance,  2)  transverse  gradient  in  the  magnetic 
wiggler,  3)  transverse  radiation  profile,  and  4)  axial  variation 
of  the  radiation  pulse.  Based  on  the  bench  mark,  example  in  Table 
II,  we  will  eliminate  the  3-D  effects  which  are  not  important  and 
suggest  an  appropriate  3-D  radiation  propagation  model. 

The  first  3-D  effect  that  we  consider  is  due  to  the 
transverse  gradient  in  the  magnetic  wiggler,  resulting  in  betatron 

oscillations^  The  betatron  wavenumber  for  the  linearly 

polarized  wiggler  is  k  -  K  k  /y  =  8. 1x10  ^  cm  1.  In  our  example. 


:m  .  In  our  example, 
the  betatron  wavelength  L.  =  2v/k  is  77  m.  Since  L.  »  L  the 

DO  P  W 

effect  of  betatron  oscillations  on  the  particle  trajectory  is  not 
very  significant.  To  maintain  the  e-beam  radius  roughly  constant 
in  the  wiggler,  the  radius  at  the  entrance  of  the  wiggler  should 
satisfy 


rb  ~  ^nk  ^ 
S 


Betatron  oscillations  are  a  source  of  energy  spread.  For  r^  = 

125  pm,  the  effective  energy  spread  AE  /E  due  to  the  betatron 

P 

oscillations  is  much  smaller  than  the  imposed  limit  on  Ay/y. 

Recently,  M.  Rosenbluth  pointed  out  that  betatron 
oscillations  are  capable  of  causing  particle  detrapping  in  the 
ponderoraotive  potential  well  formed  by  the  3-D  radiation  field  and 

the  wiggler  field^.  Detrapping  becomes  an  important  issue  when 
twice  the  betatron  oscillation  frequency  is  roughly  equal  to  the 


synchrotron  frequency  in  the  ponderomotive  potential  well.  This 
instability  will  occur  when  all  of  the  following  criteria  are 
satisfied: 

i)  The  FEL  reaches  saturation.  In  the  linear  growth  regime 
of  the  high  gain  FEL,  the  synchrotron  frequencies  are  continuously 
changing  so  that  resonance  cannot  be  established. 

ii)  It  is  required  that  2k  >•  fl,  where 


is  the  synchrotron  wavenumber,  a^  =*  (|e|/moc  is  the 

normalized  vector  potential  of  the  radiation  field.  The 
appropriate  value  for  the  actual  amplitude  of  the  radiation  vector 
potential  AR  is  that  at  saturation. 

iii)  The  length  of  the  wiggler  is  long  enough  for  the 
instability  to  grow,  i.e.,  Lw  >  L^.  The  FEL  under  consideration 

is  not  likely  to  satisfy  all  of  the  above  criteria. 

Next,  we  consider  the  axial  variations  of  the  radiation 
pulse.  These  effects  can  be  grouped  into  two  categories:  i) 
variations  of  the  length  scale  on  the  order  of  the  electron  pulse 
length  and  ii)  length  scale  variation  on  the  order  of  the 

pulse  slippage  distance  s  -  NX.  The  long  spatial  scale  variation 

is  controlled  by  mirror  detuning  distance,  while  the  short  scale 

variation  is  controlled  by  trapped  particle  instabilities. 

When  the  source  of  the  electron  beam  is  from  a  storage  ring, 

the  length  of  the  electron  pulse  is  much  longer  than  the  pulse 

slippage  distance.  In  this  case,  the  mirror  detuning  distance 

6L  is  not  as  critical  as  when  the  electron  pulse  length  is 
in 

comparable  to  the  pulse  slippage  distance,  where 

6L  =  2L  /c  -  L/v  ,  L„  is  the  separation  of  the  mirrors,  L  is  the 

m  m  °  21/2 

distance  separating  two  electron  pulses  and  v  =  c(l  -  1/y  ) 

When  the  mirror  detuning  length  is  0,  the  length  of  the  radiation 

pulse  would  be  on  the  order  of  the  length  of  the  electron  pulse. 

In  a  high  gain  lossy  FEL  oscillator,  the  steady  state  radiation 

pulse  length  decreases  as  the  detuning  length  |6L  1  increases. 

The  axial  pulse  structure  would  be  smooth  if  the  snychrotron 

oscillation  of  the  electrons  in  the  ponderomotive  potential  well 

does  not  result  in  the  growth  of  sideband  frequencies1^-^®. 
Numerical  simulations  of  the  FEL  oscillator  in  the  low  gain 


regime1®* 2®  showed  that  the  period  of  the  amplitude  modulation 
A  due  to  sidebands  is  roughly  equal  to  the  pulse  slippage 
distance  s  =*  NX.  The  frequency  of  the  sidebands  are  at  u  ±  6m, 
and  5m  =  m  /N,  or  =  f*  The  sidebands  grow  when  the  period  of 
the  synchrotron  oscillation  is  roughly  the  length  of  the 
wiggler.  Therefore,  the  required  RMS  radiation  vector  potential 
for  the  growth  of  the  side  band  frequency  is 


(23) 
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The  corresponding  required  radiation  power  for  the  sideband 
instabilities  to  occur  in  the  low  gain  limit  is 
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where  wQ  is  the  minimum  waist  of  the  radiation. 

In  the  high  gain  oscillator,  the  criteria  for  sideband  growth 
are  slightly  different.  The  first  requirement  is  that  the 
electrons  reach  the  trapped  particle  saturation  regime.  If  the 
electrons  are  trapped,  the  sideband  frequencies  occur  at 

2 

6<o  =  ±  - -  c  ft,  (25) 

1  +  K 

where  ft  is  the  synchrotron  wavenumber  from  Eq.  (22).  The 
appropriate  amplitude  of  the  radiation  vector  potential  to  be  used 
in  ft  is  given  by  the  trapped  particle  saturation  field  in  Eq. 

(16).  Finally  it  is  required  that  the  gain  at  the  sideband 
frequencies  be  larger  than  the  loss  at  saturation.  In  the  high 
gain  FEL,  the  period  of  the  amplitude  modulation  A  is  expected  to 
be  a  function  of  the  trapped  particle  efficiency  and  independent 
of  the  pulse  slippage  distance. 

For  FELs  utilizing  a  storage  ring  electron  beam,  it  is 
unlikely  that  sidebands  would  appear,  since  the  above  requirements 
appear  difficult  to  satisfy.  For  FELs  utilizing  RF  linacs, 
however,  sideband  growth  could  become  a  problem. 

The  growth  of  sidebands  is  not  desirable  for  most 
applications.  If  sidebands  do  appear,  they  can  be  eliminated  by 
the  introduction  of  mirror  loss,  which  will  reduce  the  radiation 
power.  Another  method  is  to  introduce  frequency  filtering.  The 
optics  in  the  frequency  of  interest  naturally  provide  frequency 

filtering.  The  interference  (multilayer)  optics^  for  XUV  has  a 

band  spectrum  of  AA/A  -  10  .  Crystal  Optics^1,  for  the  X-ray 

regime  has  a  band  spectrum  of  AA/A  •»  10  For  our  example,  we 

require  AA/A  '  2  x  10  \ 

The  3-D  effect  associated  with  the  growth  of  radiation  In  the 
transverse  direction  for  an  electron  beam  radius  comparable  or 
larger  than  the  minimum  optical  waist  would  have  to  be  evaluated 
numerically.  It  is  important  to  include  the  appropriate  amount  of 
energy  spread  in  the  model.  If  the  sideband  oscillations  are 
important,  3-D  pulse  propagation  calculation  is  necessary.  The 
appropriate  scheme  is  outlined  in  Refs.  19-20.  If  the  sideband 


oscillations  are  not  important,  one  can  perform  a  single 
frequency,  3-D  wave  propagation  calculation  using  a  variety  of 
numerical  schemes  outlined  in  Refs.  22-26. 

In  conclusion,  we  believe  that  the  effects  associated  with 
betatron  oscillations  in  the  wiggler  and  the  sideband 
instabilities  probably  are  not  important  transverse  effects  for 
XUV  and  X-ray  FELs.  The  relevant  transverse  effects  are  energy 
spread  and  finite  emittance  of  the  electron  beam  in  a  3-D 
radiation  field. 
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